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It is shown that for 0 < z < l/36, 
Where K denotes the complete elliptic integral of the first kind, 
E = I + 122 - [(l - 36r)(l - 4zV” 
1 - 122 + [(l - 36z)(l - 4z)11’2 
and 
k-Z _ (((5 + 1)1’2 i (5 + 4Y’? - 2(1 - (5 + 1Y) 
I 
E((( + 1)1’2 zt (C + 4)“Y + 2(1 + ([ + lY2) . 
In this paper we shall prove the identity, (for 0 < z < l/36), 
8 
I 
(E + 1% + 4) 112 
- 7 t” + Se + 8 + 4(2 + .$)(f + l)liz 
K(k+) W-h (14 
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where K denotes the complete elliptic integral of the first kind, 
[ = 1 + 122 - [(I - 362)(1 - 4z)]liZ 
1 - 122 + [(l - 36z)(l - 4z)]rp (lb) 
and 
/<+ = 
i 
f((f + 1p2 f (t + 4Y) - 2(1 - (St + l)‘i’“> !I’? 
ex + lY i (f + 4)““) + 2(1 + (!! + 1)““) J . 
(lc) 
The investigation of the above sum arose out of work dealing with generating 
relations for Green’s functions occurring in the theory of ferromagnetism. 
In spite of its special nature, the method by which it is derived may be useful 
in other contexts, and a special case is related to earlier work by Watson [l]. 
We define the functions (where d3r = dx dy dz) 
Ai[r, t) = I - t(cos x + cos y + cos z), (2) 
(3) 
(4) 
Then 
Mt) = 1, (5) 
G(0, t) = F-,(t) - F,, . (6) 
Furthermore, for 1 t 1 < +, 
(E + 1% + 4) 
F-1(t) = $ 1 f” + St + 8 $ 4(2 + c)(f + l)ljz 1/Z 0,) mu> (7) 
where K is the elliptic integral, and 
5 = 1 + 3t” - ((I - 9t2)(1 - t2))1/2 
1 - 3t2 + ((I - 9t2)(1 - t”))1/2 ’ (8) 
k* = ( w + 1Y2 III (t- + 4)““) - 2(1 - (t + 1)1’2)-\1/2 
1 !xo + 1P2 i (E + 4Y2) + 2(1 + (E + 1)1’2) i ’ (9) 
as is shown in the Appendix. For the special value t = +, 
F-, (f, = 2 (1 + bZ) K2(b) m 1.516, (10) 
where 
0 = (2 - 31/*)(31/2 - 2riz)w 0.0852. 
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We point out that K2(b) may be expressed [2] as 
K2(b) = (21j2 - l)(3rj2 + 21j2)(2 + 39 P(1/24) r(5/24) r(7/24) r(11/24) . 
384V 
This result is interesting in that it is precisely the value required by Watson [l] 
in his pioneering study of integrals of the form Fe, . Equation (10) may be 
obtained from [3], using the representation of Eq. (3) for F-, . Alternatively, 
Eq. (10) is the case t = 4. of Eq. (7), as may be seen by using the relation [4] 
K[(2 - 39(3112 + 2191 = (1 ‘-t b2) K(b) 
2(2(7 - 4(3)1/2))1/2 ’ 
However, G(s, f) can also be manipulated: 
d3r s[l - A@, t)] f e-sA(rst)n 
92=1 
e-m4(r3t) 
= $ s (1 + t $) e-ns(1-3t) $ & 
=;zl ( s 1 + k -$-) e-ns(1-3t)[e-nst~o(nSt)]3, 
where the last step follows from [S], and I, is the modified Bessel function. 
Thus 
G(s, t) = -f 
9%=1 
e-es ; $ [Io(nst)]3. 
Now we expand 
I,(q) = fi [g$g2n: 
n=o . 
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and find [6] 
where 
Therefore, 
Now [7] 
G(s, t) = t e-;$ t c, (+)” 
n=l p=O 
= il Cg (+)2p 2p -f fi2P-$?--l~S 
T&=1 
= z1 c,2p (LE)“” f (- 2c)2PP1 @‘S 
‘X=1 
= -f CP2P (+)2p(- $)2p-1 --& . 
P=l 
(11) 
(12) 
where B, are Bernoulli numbers. Thus 
d ( 1 
29-l 
s2P-1 - _ 
ds -&=(2p-l)!+- f Bn$l+. 
12=2p 
Combining this with Eq. (12), we find 
As s + 0, we find (B, = 1) 
0, 0 = p$l @PI! c, ($)“‘. 03) 
Equation (1) is now obtained by combining Eqs. (5), (6), (7), and (13). 
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In conclusion, we note that the two-dimensional analog (i.e., 8% = dx dy) 
of our result gives the divergent series 
This is presumably the (divergent) limiting case of [S, Eq. 3.1271. 
APPENDIX 
We evaluate Fel(t): 77 
sss dx dy dz -~ l-t(cosx+cosy+cosz) 
=& 
71 
ss 
dx dy 
-~ ((1 - t cos x - t cos y)” - t2)1/2 ’ 
since sz dz/(l + a cos z> = n/(1 - nz)lj2 for j a 1 < I. Furthermore, we 
may manipulate to get 
This may be shown [6, 91 to reduce to 
If we write 
u = (1 - t)/(l - t cos x), 
y = (1 - t>/(l + t>, 
then we find 
1 i y F-,(t) = I___ s 
l du KM1 - Y>/Y) 
+wZ Y ((1 - U)(U - y))li2 . 
This can be shown [lo] to equal the result in Eq. (7). 
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